In this paper we begin the first systematic study of distributions of simple marked mesh patterns. Mesh patterns were introduced recently by Brändén and Claesson [1] in connection with permutation statistics. We provide explicit generating functions in several general cases, and develop recursions to compute the numbers in question in some other cases. Certain q-analogues are discussed. Moreover, we consider two modifications of the notion of a marked mesh pattern and provide enumerative results for them.
Note that there is a natural action of the symmetries of the square on the graphs of permutations. That is, one can identify each permutation σ ∈ S n with a permutation matrix P (σ) and it is clear that rotating such matrices by 90 degrees counterclockwise or reflecting permutation matrices about any central axis or any diagonal axis preserves the property of being a permutation matrix. For any permutation σ = σ 1 . . . σ n ∈ S n , let σ r = σ n . . . σ 1 be the reverse of σ and σ c = (n + 1 − σ 1 ) . . . (n + 1 − σ n ) be the complement of σ. Then it is easy to see that the map σ → σ r corresponds to reflecting a permutation matrix about its central vertical axis and the map σ → σ c corresponds to reflecting a permutation matrix about its central horizontal axis. It is also easy to see that rotating a permutation matrix by 90 degrees corresponds to replacing σ by (σ −1 ) r . It follows that the map σ → (σ −1 ) r shows that R 
(x)
The equalities in the section title are true by Lemma 1. Thus we only need to consider the simple marked mesh pattern MMP (k, 0, 0, 0).
First assume that k ≥ 1. It is easy to see that R (k,0,0,0) n (x) = n! if n ≤ k. For n > k, suppose that we start with a permutation σ = σ 1 . . . σ n ∈ S n and then we let σ (i) denote the permutation of S n+1 that results by adding 1 to each element of σ and inserting 1 before the element σ i + 1 if 1 ≤ i ≤ n and inserting 1 at the end if i = n + 1. Then it is easy to see that
That is, clearly the placement of 1 in position i in σ (i) cannot effect the elements in quadrant I relative to any pair (j, σ j + 1) for any j < i or relative to any pair (j + 1, σ j + 1) for any j ≥ i. In addition, the 1 in position i can contribute to mmp 
Iterating this recursion, we see that
for all s ≥ 1. In this case, we can form a simple generating function. That is, let
Then we know that
Taking the derivative of both sides with respect to t, we see that
It then follows that
Hence, using the fact that P (k,0,0,0) (0, x) = k!, we obtain that
Next, we consider a modification of the notion of a marked mesh pattern. That is, given a permutation σ = σ 1 . . . σ n ∈ S n , we say that σ i matches the marked mesh pattern MMP (= k, 0, 0, 0) in σ if and only if, relative to the coordinate system with origin at (i, σ i ), there are exactly k points in G(σ) in quadrant I. Let mmp (=k,0,0,0) (σ) denote the number of i such that σ i matches MMP (= k, 0, 0, 0) and
Then we can use the same reasoning to show that
The difference in this case is that insertion of 1 will contribute to mmp (=k,0,0,0) (σ (i) ) if and only if i = n + 1 − k. Iterating this recursion, we see that
for all s ≥ 1. It is then easy to see using the same reasoning as above that if we let
then
It is also easy to see that a point σ i matches the pattern MMP (∅, 0, 0, 0) in σ = σ 1 . . . σ n ∈ S n if and only if σ i is a right-to-left maximum of σ. It is well-known that the number of permutations σ ∈ S n such that RLmax(σ) = k is equal to the signless Stirling number of the first kind c(n, k) which is the number of permutations τ ∈ S n such that τ has k cycles. Thus
It is well-known that n≥0
3 R (a,b,0,0) n (x) and some other cases of two non-zero parameters Note that it follows from Lemma 1 that R
First, we consider the case where a, b ≥ 1. It is easy to see that R
That is, clearly the placement of 1 in position i in σ (i) cannot effect the elements in quadrant I or II relative to any pair (j, σ j + 1) for any j < i or relative to any pair (j + 1, σ j + 1) for any j ≥ i, and the 1 in position i can contribute to mmp (k,0,0,0) (σ (i) ) if and only if b + 1 ≤ i ≤ n − a + 1. It then follows that for n ≥ a + b,
Note this is the same recursion as the recursion for R (k,0,0,0) n+1
for all s ≥ 1 and that
for all a, b ≥ 1.
Next we consider the case R
(1,∅,0,0) n (x). Clearly, R
(1,∅,0,0) 1 (x) = 1. For n ≥ 1 and any σ = σ 1 . . . σ n ∈ S n , we again consider the permutations σ (i) 
It then easily follows that
It follows that for k ≥ 2,
and that
4 q-analogues to marked mesh patterns considered above
We let
denote the usual p, q-analogues of n, n!, and , respectively. For any permutation σ = σ 1 . . . σ n ∈ S n , we let inv(σ) equal the number of 1 ≤ i < j ≤ n such that σ i > σ j and coinv(σ) equal the number of 1
It turns out that we can easily obtain q-analogues of the recursions (4) and (15). That is, for any permutation σ = σ 1 . . . σ n ∈ S n , it is easy to see that
It then follows that for n ≥ k,
Thus for n ≤ k, R
and for s ≥ 1,
Similarly, we can find a q-analogue of the recursion (14). That is, for any σ = σ 1 . . . σ n ∈ S n , it is easy to see that
Note that if a + b = k where a, b ≥ 1 and
modification of the notion of a marked mesh pattern
We say that σ i matches the marked mesh pattern MMP (k ≤ max, ∅, 0, 0) in σ = σ 1 . . . σ n ∈ S n if in G(σ) relative to the coordinate system with origin (i, σ i ), there are no points in quadrant II in G(σ) and there are at least k − 1 points that lie in quadrant I to the left of the largest value occurring in quadrant I. Said another way, σ i matches the pattern MMP (k ≤ max, ∅, 0, 0) in σ if none of σ 1 , . . . , σ i−1 is greater than σ i and if σ j is the maximum of σ i+1 , . . . , σ n , then there are at least k points among σ i+1 , . . . , σ j which are greater than σ i . For σ ∈ S n , we let mmp (k≤max,∅,0,0) (σ) be the number of i such that σ i matches MMP (k ≤ max, ∅, 0, 0) in σ and we let
We can compute R (k≤max,∅,0,0) n (x) for k ≥ 2 as follows. Given a permutation σ = σ 1 . . . σ n ∈ S n , let σ [i] denote the permutation of S n+1 that results by inserting n + 1 immediately before σ i if 1 ≤ i ≤ n and inserting n + 1 at the end of σ if i = n + 1. It is easy to see that the set of all σ [i] for σ ∈ S n contributes
That is, the presence of n + 1 in the i-th position of σ [i] means that none of the elements to the right of n + 1 in σ [i] can contribute to mmp (k≤max,∅,0,0) (σ [i] ) while an element to the left of n + 1 in σ [i] will contribute 1 to mmp (k≤max,∅,0,0) (σ [i] ) if and only if it contributes 1 to mmp
or, equivalently, R
Thus multiplying (33) by t n and summing it over all n ≥ 0, we obtain that
Hence we obtain the recursion
Note that one can find an explicit formula for R (k−1,∅,0,0) (z, x) by using formulas (19) and (22). For example, one can use Mathematica to compute that 
There are several of the coefficients of R (k≤max,∅,0,0) n (x) that we can explain. First, we claim that R
That is, it is easy to see that for n ≥ k + 1, the only permutations σ = σ 1 . . . σ n ∈ S n such that mmp (k≤max,∅,0,0) (σ) = n − k must have σ i = i for i = 1, . . . , n − k, σ n = n and σ n−k+1 . . . σ n−1 be some permutation of (n − k + 1), (n − k + 2), . . . , (n − 1).
Next, we claim that
First observe that any permutation
Thus it must be that case that n = σ n−1 or n = σ n . If σ n−1 = n, then it must be the case that mmp (k≤max,∅,0,0) (red(σ 1 . . . σ n−1 )) = n − k − 1. In this case, we have n − 1 choices for σ n and (k − 1)! choices for red(σ 1 . . . σ n−1 ) by our argument above. Thus there are (n − 1)((k − 1)!) such elements. Next assume that n = σ n . Then in this case, the only way to produce a σ = σ 1 . . . σ n ∈ S n such that mmp (k≤max,∅,0,0) (σ) = n − k − 1 is by starting with a permutation
where τ n−k+1 . . . τ n−1 is some permutation of (n − k + 1), (n − k + 2), . . . , (n − 1) so that mmp (k≤max,∅,0,0) (τ ) = n − k and then take some i ∈ {1, . . . , n − k} in τ and move i immediately after one of τ i+1 , . . . , τ n−1 . This will ensure that i does not match the pattern MMP (k ≤ max, ∅, 0, 0) in the resulting permutation because i will have a larger element to its left. Each such τ gives rise of (n − 2)
such permutations. Thus the number of σ ∈ S n with σ n = n and mmp
. It thus follows that the number of σ ∈ S n with mmp
. Next we observe that the sequence (R which is sequence A000399 in the OEIS. The n-term of this sequence is c(n, 3) which is the number of permutations σ ∈ S n which has three cycles. We can give a direct proof of this result. That is, suppose that n ≥ 3 and σ is a permutation of S n with 3 cycles C 1 , C 2 , C 3 where have arranged the cycles so that the largest element in each cycle is on the left and we order the cycles by increasing largest elements. Then we let σ be the result of erasing the parentheses and commas in C 1 C 2 C 3 . For example, if σ = (5, 3, 4, 1) (8, 2, 6) (9, 7), then σ = 5 3 4 1 8 2 6 9 7. It is easy to see that under this map only the first element of σ matches the pattern MMP (2 ≤ max, ∅, 0, 0) in σ.
We claim that every τ ∈ S n such that mmp (2≤max,∅,0,0) (τ ) = 1 is equal to σ for some σ ∈ S n that has two three cycles. That is, suppose that mmp (2≤max,∅,0,0) (τ ) = 1 where τ = τ 1 . . . τ n ∈ S n and τ i matches the pattern MMP (2 ≤ max, ∅, 0, 0) in τ . First we claim that i = 1. It cannot be that any of τ 1 , . . . , τ i−1 are greater than τ i since otherwise τ i would not match the pattern MMP (2 ≤ max, ∅, 0, 0) in τ . But if i = 1, then τ 1 < τ i and τ 1 would match the pattern MMP (2 ≤ max, ∅, 0, 0) in τ which would mean that mmp (2≤max,∅,0,0) (τ ) ≥ 2. Next suppose that τ k = n and τ j is the maximum element of {τ 2 , . . . , τ k−1 }. It must be that case that τ 1 < τ j since otherwise τ 1 would not match the pattern MMP (2 ≤ max, ∅, 0, 0) in τ . We claim that τ 2 , . . . , τ j−1 must all be less than τ j . That is, if τ r is the maximum of {τ 2 , . . . , τ j−1 } and τ r > τ 1 , then we would have τ r < τ j < τ k = n so that τ r would match the pattern MMP (2 ≤ max, ∅, 0, 0) in τ which would imply that which is sequence A000254 in the OEIS whose n-th term is c(n + 1, 2) which is the number of permutations of S n+1 with 2 cycles. We shall give a direct proof of the fact that R
That is, if c(σ) = 1, then σ 1 < σ c(σ) < σ b(σ) < σ c(σ) = n so that σ 1 would match the pattern MMP (3 ≤ max, ∅, 0, 0). We also claim that if c(σ) is defined, then σ 1 must be the second smallest element among {σ 1 , . . . , σ a(σ)−1 } otherwise σ 1 would match the pattern MMP (3 ≤ max, ∅, 0, 0) in σ. Thus we have three possible cases for a σ ∈ S n such that mmp (3≤max,∅,0,0) (σ) = 0.
There are clearly (n − 1)! such permutations as σ 2 , . . . , σ n can be any arrangement of 1, . . . , n − 1.
Case 3. c(σ) = 1 and σ 1 is the second smallest element in {σ 1 , . . . , σ a(σ)−1 }. Next we define a map θ which takes the permutations in Cases 2 and 3 into the set of permutations τ of S n which have 2 cycles C 1 C 2 where we have arranged the cycles so that the largest element in each cycle is on the left and we have max(C 1 ) < max(C 2 ) = n. In Case 2, we let
In Case 3, we let
Now suppose that τ is a permutation with two cycles C 1 C 2 , C 1 = (α 1 , . . . , α k ) and C 2 = (β 1 , . . . , β n−k ), where |C 1 | = k > 1. Again we assume that we have arranged the cycles so that the largest element in the cycle is on the left and max(C 1 ) < max(C 2 ) = n. Then there exists a σ in Case 2 such that θ(σ) = τ and a γ in Case 3 such that θ(γ) = τ . That is, if α j is the second smallest element in {α 1 , . . . , α k }, then
is a permutation in Case 2 such that θ(σ) = τ and
. . β n−1 is a permutation in Case 2 such that θ(σ) = τ . It follows that θ shows that the number of permutations in Cases 2 and 3 is equal to 2c(n, 2) minus the number of τ such that |C 1 | = 1. However, it is easy to see that the number of τ with two cycles C 1 C 2 such that |C 1 | = 1 is (n − 1)! which is equal to the number of permutations in Case 1. Thus we have shown that R 
The equalities in the section title are true by Lemma 1. We will consider R (a,0,b,0) n (x). In this case, we do not know how to compute the generating function R
(1,0,1,0) (t, x). However, we can develop a recursion to compute R 
Note that (1, σ 1 ) never contributes to mmp (1,0,1,0) (σ) or mmp (∅,0,1,0) (σ) so that F (1,0,1,0) n (x 2 , . . . , x n ; y 2 , . . . , y n ) records all the information about the contributions of σ 2 , . . . , σ n to mmp (1,0,1,0) (σ) or mmp (∅,0,1,0) (σ) as σ ranges over S n . Recall that given a permutation σ = σ 1 . . . σ n ∈ S n , σ [i] ] as σ ranges over S n . Clearly, since each of these permutations start with n + 1, the first element of σ [1] which is n + 1 does not contribute to either mmp (1,0,1,0) (σ [1] ) or mmp (∅,0,1,0) (σ [1] ). Moreover n + 1 does not effect whether any other σ i contributes to mmp
(1,0,1,0) (σ [1] ) or mmp (∅,0,1,0) (σ [1] ) but it does shift the corresponding indices by 1. Thus the second element of σ [1] which is σ 1 does not contribute to either mmp (1,0,1,0) (σ [1] ) or mmp (∅,0,1,0) (σ [1] ). However, for the (i + 1)-st element σ [1] which is the old σ i , we have Thus it follows that the contribution of the permutations of the form σ [1] to F (1,0,1,0) n+1 (x 2 , . . . , x n+1 ; y 2 , . . . , y n+1 ) is just F (1,0,1,0) n (x 3 , . . . , x n+1 ; y 3 , . . . , y n+1 ). For i ≥ 2, again consider all the permutations σ [i] as σ ranges over S n . For
Moreover the fact that n + 1 is in position i in σ [i] means that B i (σ [i] ) = 1. Since at most one of A i (σ) and B i (σ) can equal 1, it follows that the contribution of the permutations of the form σ [i] to F n+1 (x 2 , . . . , x n+1 ; y 2 , . . . , y n+1 ) is just
It is then easy to see that
Using (38) and (39), one can compute that R It is easy to see that a permutation σ avoids MMP (1, 0, 1, 0) if and only if it avoids the pattern 123, that is, if σ ∈ S n (123). From a well-known fact (see, e.g. [3] ), it follows that the sequence (R (1,0,1,0 ) n (0)) n≥1 is the Catalan numbers. Thus it is not surprising that it is difficult to find a simple expression for R (1,0,1,0) (t, x) since then R (1,0,1,0) (t, 0) would give us an exponential generating function for the Catalan numbers which is not known. It is also easy to see that for any n > 2, the most occurrences of the pattern MMP (1, 0, 1, 0) occurs when σ 1 = 1 and σ n = n. Clearly, there are (n − 2)! such permutations which explains the highest coefficients in the (R 
Then let
We can now use the same analysis that we did to prove (38) to prove that
The difference in this case is that if n ≥ a, then inserting n + 1 immediately before σ 1 , . . . , σ a does not give rise to an extra factor of y i , while inserting n + 1 immediately before σ a+1 , . . . , σ n or at the end does give rise to a factor of y i since then n + 1 matches the pattern MMP (∅, 0, a, 0). It is then easy to see that
Using (41) and (42) one can compute that for a = 2, R Again, it is easy to see that one obtains the maximum number of MMP (1, 0, 2, 0)-matches in a permutation σ = σ 1 . . . σ n ∈ S n if either σ 1 = 1, σ 2 = 2, and σ n = n or σ 1 = 2, σ 2 = 1, and σ n = n. It follows that for n ≥ 4, the coefficient of the highest power of x in R is the so-called large Schröder numbers, A006318 in the OEIS. This follows from the fact that avoiding MMP (1, 0, 2, 0) is the same as avoidance simultaneously of the patterns 1234 and 2134, a known case (see [3, Table 2 .2]). The same numbers count so-called separable permutations (those avoiding simultaneously the patterns 2413 and 3142) and other eight non-equivalent modulo trivial bijections classes of avoidance of two (classical) patterns of length 4 (see [3, Table 2 .2]). We note that neither the sequence (R 0, a, 0) , . . . , MMP (b, 0, a, 0). We will show how this works in the case when a = b = 2. That is, for any permutation σ = σ 1 . . . σ n ∈ S n , let 
Note that for any σ = σ 1 . . . σ n ∈ S n , we cannot have either σ 1 or σ 2 match any of the patterns MMP (∅, 0, 2, 0), MMP (1, 0, 2, 0), or MMP (2, 0, 2, 0) in σ so that is why we do not need variables with subindices 1 or 2. Clearly, for n < 3, G (2,0,2,0) n (x 3 , . . . , x n ; y 3 , . . . , y n ; z 3 , . . . , z n ) = n!. Consider all the permutations σ [i] where i ∈ {1, 2} as σ ranges over S n . Clearly, since each of these permutations start with n+1 or has its second element equal to n+1, n+1 does not contribute to either mmp (2,0,2,0) (σ [i] ), mmp (1,0,2,0) (σ [i] ), or mmp (∅,0,2,0) (σ [i] ). Moreover n + 1 does not effect whether any other σ i contributes to mmp (2,0,2,0) (σ [i] ), mmp (1,0,2,0) (σ [i] ), or mmp (∅,0,2,0) (σ [i] ), but it does shift the index over by 1. Thus the contribution of the permutations of the form σ [1] and σ [2] to G (2,0,2,0) n+1 (x 3 , . . . , x n+1 ; y 3 , . . . , y n+1 ; z 3 , . . . , z n+1 ) is just 2G (2,0,2,0) n (x 4 , . . . , x n+1 ; y 4 , . . . , y n+1 , z 4 , . . . , z n+1 ). Fix i ≥ 3 and consider all the permutations σ [i] as σ ranges over S n . For
Moreover, the fact that n+1 is in position i in σ [i] means that C i (σ [i] ) = 1. Since at most one of A i (σ) = 1, B i (σ) = 1, and C i (σ) = 1 can hold for any i, it follows that the contribution of the permutations of the form σ [i] to G (2,0,2,0) n+1
Using (44) and (45) one can compute that R (2,0,2,0) 1 Again, it is easy to see that one obtains the maximum number of MMP (2, 0, 2, 0)-matches in a permutation σ = σ 1 . . . σ n ∈ S n if {σ 1 , σ 2 } = {1, 2} and {σ n−1 , σ n } = {n−1, n}. It follows that for n ≥ 5, the coefficient of the highest power of x in R
In this case, the sequence (R (2,0,2,0) (0)) n≥1 does not appear in the OEIS, but it clearly counts the number of permutations which avoid the permutations 12345, 21345, 12354, and 21354.
While we cannot find a generating function for R (1,0,1,0) (t, x), we can find a restricted version of this generating function. That is, let S n (1 → n) denote the set of permutations σ = σ 1 . . . σ n such that 1 appears to the left of n in σ. Then let
where
Let S n (i, j) denote the set of all permutations σ = σ 1 . . . σ n ∈ S n such that σ i = 1 and σ j = n where 1 ≤ i < j ≤ n. It is easy to see that for s < i σ s matches the pattern MMP ( 
or, equivalently,
It is easy to see from (5) that
and summing for n ≥ 2, we obtain
One can use (49) to show that for n ≥ 1,
and
Problem 2. Can one find a direct explanation of formulas (50) and (51)?
For example, it follows that the number of permutations σ ∈ S n (1 → n) which avoid MMP (1, 0, 1, 0) is 2 n−2 . This is easy to see since to avoid MMP (1, 0, 1, 0) one must have 1 and n be adjacent and there must be decreasing sequences on either side of 1 and n. Thus such a permutation is determined by choosing for each i ∈ {2, . . . , n − 1} whether it is placed on the left or the right of the adjacent pair 1n.
There is a second class of permutations for which it is easy to compute the generating function for the distribution of matches of the pattern MMP (1, 0, 1, 0) . That is, suppose that k, ℓ > 0 and n > k + ℓ, Let β = β 1 . . . , β k be any permutation of n − k + 1, . . . , n and α = α 1 . . . α ℓ be any permutation of 1, . . . , ℓ. Then we let S βα n denote the set of permutations σ ∈ S n such that βα is a consecutive sequence in σ. Now suppose that a ≤ k, b ≤ ℓ, mmp (a,0,0,0) (red(β)) = 0, mmp (0,0,b,0) (red(α)) = 0, and
Then we claim that for n > k + ℓ,
That is, suppose that σ ∈ S 
For example, since
7 R
(1,0,1,1) n
The equalities in the section title are true by Lemma 1. We will be considering R
In this case, we can develop a recursion to compute R
(1,0,1,1) n (x) which is very similar to the recursion that we developed to compute R (1,0,1,0) n (x). That is, for any permutation σ = σ 1 . . . σ n ∈ S n , let C i (σ) = χ(σ i matches the pattern MMP (1, 0, 1, 1) in σ) and D i (σ) = χ(σ i matches the pattern MMP (∅, 0, 1, 1) in σ).
Note that σ 1 and σ n never contribute to mmp (1,0,1,1) (σ) or mmp (∅,0,1,1) (σ) so that F (1,0,1,1) n (x 2 , . . . , x n−1 ; y 2 , . . . , y n−1 ) records all the information about the contributions of 2, . . . , n − 1 to mmp (1,0,1,1) (σ) or mmp (∅,0,1,1) (σ) as σ ranges over S n . First consider all the permutations σ [1] as σ ranges over S n . Clearly, since each of these permutations starts with n + 1, n + 1 does not contribute to either mmp (1,0,1,1) (σ [1] ) or mmp (∅,0,1,1) (σ [1] ). Moreover, n + 1 does not effect whether any other σ i contributes to mmp
(1,0,1,1) (σ [1] ) or mmp (∅,0,1,1) (σ [1] ), but it does shift the index over by 1. Thus it is easy to see that the contribution of the permutations of the form σ [1] to F
. . , x n ; y 3 , . . . , y n ). Next consider all the permutations σ
[n+1] as σ ranges over S n . Clearly, since each of these permutations ends with n+1, n+1 does not contribute to either mmp (x 2 , . . . , x n ; y 2 , . . . , y n ) is just F
(1,0,1,1) n (x 2 , . . . , x n−1 ; x 2 , . . . , x n−1 ). For 2 ≤ i ≤ n, again consider all the permutations σ [i] as σ ranges over S n . For
Moreover, the fact that n + 1 is in position i in σ [i] means that D i (σ [i] ) = 1. Since at most one of C i (σ) = 1 and D i (σ) = 1 holds, it follows that the contribution of the permutations of the form σ [i] to F
(1,0,1,1) n+1 (x 2 , . . . , x n ; y 2 , . . . , y n ) is just
Using (57) and (58) one can compute that R In this case, the sequence (R (1,0,1,1 ) n (0)) is A000984 in the OEIS which is the sequence whose n-th term is the central binomial coefficient 2n n which has lots of combinatorial interpretations. That is, we claim that R . Mark Tiefenbruck [5] has constructed a bijection between the set of permutations of S n which simultaneously avoid the patterns 4132, 4123, 3124 and 3142 and the set of permutations of S n which simultaneously avoid the patterns 4231, 4213, 3241 and 3214. Indeed,this is a special case of a more general bijection which will appear in a forthcoming paper by Remmel and Tiefenbruck [6] so we will not give the details here.
In this case, it is also easy to understanding the highest coefficient of the polynomial R (1,0,1,1) n (x). That is, one obtains the maximum number of occurrences of the pattern MMP (1, 0, 1, 1) when the permutation σ either starts with 1 and ends with either 2 n or n 2 or it starts with 2 and ends with either 1 n or n 1. Thus it is easy to see that the highest coefficient in R
n−3 for n ≥ 4. While we cannot find the generating function R (1,0,1,1) (t, x), we can find generating functions for the distribution of MMP (1, 0, 1, 1)-matches in certain restricted classes of permutations. That is, let
Consider the set S (k+1) n of all permutations σ = σ 1 . . . σ n ∈ S n such that σ k+1 = 1 and σ j = n for some k + 1 < j ≤ n. It is easy to see that for s ≤ k, σ s matches the pattern MMP (1, 0, 1, 1 
Multiplying (61) by
By (17), we have that
Since R (0,0,1,0) (t, x) = (1 − tx) −1/x , we obtain that
For example, it follows that the number of permutations σ ∈ S n (1 → n) which avoid MMP (1, 0, 1, 1) is 3 n . Next suppose that k, ℓ > 0 and n > k+ℓ, and let γ k,ℓ = n(n−1) . . . (n−k+1)ℓ(ℓ−1) . . . 1. Then we let S γ k,ℓ n denote the set of permutations σ ∈ S n such that γ k,ℓ is a consecutive sequence in σ and R 
Then it is easy to see that for n > k + ℓ, 
One can use Mathematica to show that . This is easily explained from the recursion (65) which shows that for n ≥ 2, 
(x)
We can develop a recursion to compute R (1,1,1,1) n (x) but our recursion will require 4 sets of variables. That is, for any permutation σ = σ 1 . . . σ n ∈ S n , let 
Then let

H
(1,1,1,1) n (x 2 , . . . , x n−1 ; y 2 , . . . , y n−1 ; z 2 , . . . , z n−1 ; w 2 , . . . , w n−1 )
. (69) First consider all the permutations σ [1] as σ ranges over S n . The point (1, n + 1) in σ [1] does not contribute to either mmp (1,1,1,1) (σ [1] ), mmp (∅,1,1,1) (σ [1] ), mmp (1,∅,1,1) (σ [1] ), or mmp (∅,∅,1,1) (σ [1] ). However, It follows that the contribution of the permutations of the form σ [1] to H (1,1,1,1) n+1 (x 2 , . . . , x n ; y 2 , . . . , y n ; z 2 , . . . , z n ; w 2 , . . . , w n ) is H (1,1,1,1 ) n (x 3 , . . . , x n ; y 3 , . . . , y n ; x 3 , . . . , x n ; y 3 , . . . , y n ).
Next consider all the permutations σ
[n+1] as σ ranges over S n . Clearly, since each of these permutations ends with n + 1, n + 1 does not contribute to mmp (1,1,1,1 
